
Schrödinger cat states of a non-stationary  generalized oscillator*

This article has been downloaded from IOPscience. Please scroll down to see the full text article.

1996 J. Phys. A: Math. Gen. 29 2091

(http://iopscience.iop.org/0305-4470/29/9/021)

Download details:

IP Address: 171.66.16.71

The article was downloaded on 02/06/2010 at 04:12

Please note that terms and conditions apply.

View the table of contents for this issue, or go to the journal homepage for more

Home Search Collections Journals About Contact us My IOPscience

http://iopscience.iop.org/page/terms
http://iopscience.iop.org/0305-4470/29/9
http://iopscience.iop.org/0305-4470
http://iopscience.iop.org/
http://iopscience.iop.org/search
http://iopscience.iop.org/collections
http://iopscience.iop.org/journals
http://iopscience.iop.org/page/aboutioppublishing
http://iopscience.iop.org/contact
http://iopscience.iop.org/myiopscience


J. Phys. A: Math. Gen.29 (1996) 2091–2109. Printed in the UK

Schrödinger cat states of a non-stationary generalized
oscillator*
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Mexico, DF, Mexico
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Abstract. The two-mode even and odd coherent Schrödinger cat states are introduced for the
generalized stationary and non-stationary harmonic oscillator. The expected values of positions
and momenta and their dispersion matrices are calculated for the Schrödinger cat states. The
quadrature squeezing and correlation phenomenon are studied and the Wigner and Husimi
functions are constructed explicitly for these states. The photon statistics of the two-mode
even and odd coherent states of the generalized oscillator is described in terms of the photon
distribution function, which is expressed in terms of Hermite polynomials. The photon number,
means and dispersions show oscillations which are characteristics of squeezing and correlation
phenomenon.

1. Introduction

The even and odd coherent states for one-mode harmonic oscillators were introduced in the
1970s [1]. These states, which have been called Schrödinger cat states [2, 3], were studied
in detail [4–6]. These states are representatives of non-classical states [7]. The importance
of these states is related to the experimental possibility of their generation in high-quality
resonators [8, 9] and in possible applications to improve the sensitivity of the interferometric
measurements in the gravitational wave antenna [10] where even and odd coherent light
may play an alternative role to squeezed light [11–13]. Some characteristics of the two-
mode squeezed states have been studied in [14–17]. Schrödinger cat states have properties
similar to those of the squeezed states, i.e. the squeezed vacuum state and the even coherent
state contain Fock states with an even number of photons. Until now most attention has
been devoted to one-mode Schrödinger cat states. Recently, the polymode generalization of
the Schr̈odinger cat states has been introduced [18] and some aspects of evolution of these
states due to time dependence of the parameters of a Hamiltonian, quadratic in positions
and momenta, have been discussed [19]. The generalized two-mode oscillator has been
studied [20] and some aspects of two-mode squeezing for this generalized oscillator due to
its parametric excitation and damping have been considered [21].

The first aim of this paper is to study the properties of the two-mode Schrödinger
cat states for the generalized non-stationary oscillator. The physical motivation for this is
the necessity to study the behaviour of non-classical states of a two-mode electromagnetic
field in a resonator with non-stationary boundaries. As was discussed in [22] (cf [23–25])
there exists a non-stationary Casimir effect which produces the squeezing and correlation
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phenomenon for initially coherent states if the walls of a resonator move and if the media
inside the resonator has a time-dependent refractive index. In these conditions, the Casimir
forces create the photons from the vacuum state and produce squeezing and correlation of the
photon quadrature components. Until now the initial states of the photons in the resonator
with moving walls were considered as Gaussian coherent state packets. The second aim of
this work is to take the initial state (either even or odd two-mode Schrödinger cat states),
and to study its evolution due to the time dependence of the Hamiltonian parameters.

The paper is organized as follows. In section 2 we review the integrals of the motion
associated with two-dimensional generalized harmonic oscillator [20, 21]. In section 3 we
introduce two-mode Schrödinger cat states for the non-stationary oscillator, which we will
dub the generalized Schrödinger cat states (GSCS), and calculate the quadrature components
and dispersions in these states. In section 4 we calculate the Husimi and Wigner functions
of the even and oddGSCS. In section 5 we obtain the photon distribution function and its
evolution for GSCS. For these states we evaluate the mean value of the number of photons
and their dispersions. The conditions for squeezing and correlation ofGSCSare discussed.
Finally, we give a summary of the main properties of even and oddGSCS.

2. Generalized harmonic oscillator

Recently the generalized harmonic oscillator

H = 1

2

2∑
k=1

(
p2

k

m
+ mω2

0q
2
k

)
+ λ(q1p2 − q2p1) (2.1)

was studied. The accidental degeneracy [20] associated with the system was investigated, for
m andλ—equal to a rational number—constants, and the linear time-dependent invariants
were constructed, including when these parameters are functions of time [21].

The Hamiltonian can be rewritten in terms of creation and annihilation boson operators
representing the modes of an electromagnetic field. Thus we have

H

h̄ω0
= F(t)(N1 + N2) + G(t)

(
a† · a† + a · a

) − iλ0(t)
(
a

†
1a2 − a

†
2a1

) + F(t) (2.2)

where

Nk = a
†
kak (2.3a)

F(t) = 1

f
(1 + f 2) (2.3b)

G(t) = 1

2f

(
1 − f 2

)
(2.3c)

with the functionsf (t) andλ0(t) satisfying the initial conditionsf (0) = λ0(0) = 1.
To solve the non-stationary Schrödinger equation of the Hamiltonian (2.1) or (2.2), we

use the constants of the motion of the system. The resulting invariants can be given in
terms of 4-vectors of positions and momenta, or photon creation and annihilation operators:

Q̂0(t) = ΛQ̂ (2.4a)

Â0(t) = M Â (2.4b)
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where the following 4-vector operators were defined:

Q̂t
0(t) = (p10(t), p20(t), q10(t), q20(t)) (2.5a)

Q̂t = (p1, p2, q1, q2) (2.5b)

and

Ât
0(t) = (A1(t), A2(t), A

†
1(t), A

†
2(t)) (2.5c)

Ât = (a1, a2, a
†
1, a

†
2) . (2.5d)

Here and below the superscript t means the transpose of the matrix. The matricesΛ
andM are elements of the four-dimensional symplectic group,Sp(4, R), which is acting
on the phase space of the generalized harmonic oscillator. Therefore it is constructed, in
general, in terms of ten real parameters. It is straightforward to show that the matrixM is
related toΛ through

M = g4 Λ g4
−1 ≡

(
M1 M2

M3 M4

)
(2.6)

with g4 defined by the direct product of matricesg4 = g ⊗ I 2, and

g = 1√
2

(
i 1

−i 1

)
. (2.7)

For the cases studied in [21], the four-dimensional symplectic matrixΛ is given as the
direct product of matrices:Λ = µ ⊗ R . The matrixµ is a two-dimensional symplectic
matrix andR is a rotation matrix, which are denoted by

µ =
(

µ1 µ2

µ3 µ4

)
R =

(
cosθ sinθ

− sinθ cosθ

)
(2.8)

where the definitionθ = ∫ t
0 dτ λ0(τ ) was used. Then if we know theµk ’s and θ , by

means of (2.4) and (2.8) we construct the integrals of motion. It is important to note
that the symmetry algebra associated with this decomposition ofΛ, a symplectic matrix
in four dimensions, corresponds to the direct product of matrices which depends only on
four parameters, because the determinant ofµ is equal to unity. For this model of the
generalized harmonic oscillator, theΛ matrix forms part of the subgroupSp(2, R)⊗SO(2)

of the general linear symplectic groupSp(4, R).
Next we write the analytic expressions of theµk ’s for the case whereλ0(t) is an arbitrary

function of time and

f (t) = exp(γ t) . (2.9)

In principle, these choices of parameters can describe phenomenologically the behaviour
of the electromagnetic field inside a cavity with different regimes of moving walls and a
time-varying dielectric medium. Thus we get

µ1 = exp{−γ t/2}
(

cos�t + γ

2

sin�t

�

)
(2.10a)

µ2 = exp{γ t/2}sin�t

�
(2.10b)

µ3 = − exp{−γ t/2} sin�t

�
(2.10c)

µ4 = exp{γ t/2}
(

cos�t − γ

2

sin�t

�

)
(2.10d)

with �2 = 1−γ 2/4. It is important to emphasize that (2.10) can also be used whenγ 2 > 4
by making the appropriate replacements and limit procedures [21].
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3. Generalized cat states and quadrature components

The expressions of the correlated states for the generalized two-dimensional harmonic
oscillator are given by the normalized wavefunction [21, 29]

8α(q, t) = exp

{
−|α|2

2
+ 1

2

µ3 − iµ1

µ3 + iµ1
α · α + i

√
2

µ3 + iµ1
q R̃α

}
80(q, t) (3.1)

where the ground-like wavefunction is

80(q, t) = 1√
π(µ3 + iµ1)

exp

{
− i

2

µ4 + iµ2

µ3 + iµ1
q · q

}
. (3.2)

This wavefunction is the expression for the generalized correlated state in the coordinate
representation of the discussed physical system. By making the appropriate substitutions of
the µk andθ , we get the corresponding solutions for the generalized harmonic oscillator.

The even and oddGSCSare constructed by the linear combinations [1, 18, 19]

8α± (q, t) = N±[8α (q, t) ± 8−α (q, t)] (3.3a)

whereN± are the normalization constants:

N+ = exp[(|α1|2 + |α2|2)/2]

2
√

cosh(|α1|2 + |α2|2)
(3.3b)

N− = exp[(|α1|2 + |α2|2)/2]

2
√

sinh(|α1|2 + |α2|2)
. (3.3c)

It is important to emphasize that these states satisfy the time-dependent Schrödinger equation
of the Hamiltonian (2.1).

Let us calculate the quadrature components for these states. The dispersion matrix is
given by

σαβ = 1
2〈{Qα, Qβ}〉 − 〈Qα〉〈Qβ〉

where {Qα, Qβ} denotes the anticommutator between operatorsQα and Qβ . Using
expression (2.4a) for the linear invariants, the last expression can be rewritten for even
and oddGSCSas

σ±(t) = Λ−1(t) σ±(0)
(
Λ−1(t)

)t
where σ±(0) is the dispersion matrix for the initial conditions, i.e. the quadrature
components for the standard even and odd Schrödinger cat states. BecauseΛ is a
symplectic matrix, its inverse is given byΛ−1 = −ΣΛtΣ, whereΣ is the symplectic
metric. Substituting this result into the previous expression, we obtain

σ±(t) = ΣΛtΣσ±(0)ΣΛΣ

= (
µ−1 ⊗ Rt

)
σ±(0)

((
µ−1

)t ⊗ R
)
. (3.4)
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In the last step the expression for matrixΛ in terms of matricesµ and R given in (2.8)
was used. We can evaluate expression (3.4), and get analytic expressions for the dispersion
in positions and momenta:

σ±
pp(t) = R̃

{
µ2

4σ
±
pp(0) − µ2µ4σ

±
pq(0) − µ2µ4σ

±
qp(0) + µ2

2σ
±
qq(0)

}
R (3.5a)

σ±
pq(t) = R̃

{−µ3µ4σ
±
pp(0) + µ1µ4σ

±
pq(0) + µ2µ3σ

±
qp(0) − µ1µ2σ

±
qq(0)

}
R (3.5b)

σ±
qq(t) = R̃

{
µ2

3σ
±
pp(0) − µ1µ3σ

±
pq(0) − µ1µ3σ

±
qp(0) + µ2

1σ
±
qq(0)

}
R (3.5c)

where theσ±(0) denote the dispersion matrices of two-mode Schrödinger cat states. These
can be easily calculated:

(
σ±

pp

)
ij
(0) = Re

(
αi

(−αj + 1±α∗
j

)) + 1
2δij (3.6a)(

σ±
pq

)
ij
(0) = Im

(
αi

(
αj + 1±α∗

j

)) = (
σ±

qp

)
j i

(0) (3.6b)(
σ±

qq

)
ij
(0) = Re

(
αi

(
αj + 1±α∗

j

)) + 1
2δij . (3.6c)

In the last expressions1± is defined as

1± =
{

tanh|α|2 for even cats

coth|α|2 for odd cats .
(3.7)

The dispersion matrices (3.5) were calculated for the parametersλ = 1 andγ = 0.1.
The quadrature dispersions for the amplitudesα1 = 0.2 + 0.1i and α2 = 0.3 + 0.1i of
the even and oddGSCS are displayed in figures 1–6. The behaviour of the even state is
illustrated in figures 1–3, while the odd case is shown in figures 4 and 5.

Figure 1. Quadrature dispersions for the amplitudesα1 = 0.2+ i0.1 andα2 = 0.3+ i0.1 of the
even state. The dispersions along the first and second directions in the momenta are plotted, with
full grey and short-broken curves, respectively. The value1

2 is displayed with a long-broken
line as reference.
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Figure 2. Quadrature dispersions for the even state, using the same values indicated in figure 1.
The dispersions along the first and second directions in the positions are plotted, again with full
grey and short-broken curves, respectively. The value1

2 is displayed with a long-broken line as
before.

Figure 3. Correlation coefficients
between momenta and positions in
the same direction for the even
state, with the same values as in
figure 1.
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Figure 4. Quadrature dispersions for the odd state. The dispersions along the first (full grey
curve) and second (short-broken curve) directions in the momenta are plotted. The parameters
of the model and amplitudes of the state are as in figure 1. The value1

2 is displayed with a
long-broken line.

Figure 5. Quadrature dispersions for the odd state, using the same values as in figure 1. The
dispersions along the first (full grey curve) and second (short-broken curve) directions in the
momenta are plotted. The value12 is displayed with a long-broken line.

The dispersions of the momenta in directions one and two are displayed in figure 1.
These are increasing oscillatory functions of time. Only for a very small interval of time is
there squeezing for the momentum in direction one. The correlation coefficient

r = ∣∣σp1p2

∣∣ /√σp1p1σp2p2

has a periodic behaviour in time. It performs an oscillatory motion with respect to time,
and ranges between 0 and 0.1.
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Figure 6. Evolution of the first mode in the photon distribution function of the generalized
Schr̈odinger cat states, for the amplitudesα1 = 0.2 + i0.1 andα2 = 0.3 + i0.1. The even is
displayed in (a), and the odd in (b). The parameters of the model areλ = 1 andγ = 0.1.

In figure 2, the position dispersions are shown. These are decreasing functions of
time and the phenomenon of squeezing is clearly established in both directions. The
corresponding correlation coefficient for the positions has a periodic behaviour, similar
to that of the momenta. Both show a low correlation of the components.

It is worthwhile noting that the quadrature dispersions in both directions exhibit roughly
the same position of local minima and maxima.

The correlation coefficients between the positions and momenta are displayed in figure 3.
For q1, p1 and q2, p2, the correlations are periodic functions of time, but with different
ranges, varying from 0 to 0.22, and from 0 to 0.3, respectively. For theq1, p2 andq2, p1

cases, the correlation coefficients are oscillatory functions with similar ranges, varying from
0.01 to 0.14.

The dispersions of momenta for oddGSCS in directions one and two are displayed in
figure 4. These are faster increasing oscillatory functions of time than for the even case,
without showing the phenomenon of squeezing. The correlation coefficient between the
momentum components performs an oscillatory motion, and for most of the time presents
a strong correlation.
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In figure 5, the corresponding dispersions for the positions are shown. These are
decreasing functions of time and the phenomenon of squeezing occurs in an oscillatory
manner fort . 9. After that interval the squeezing is permanent in both directions. The
corresponding correlation coefficient for the positions also displays a strong correlation,
similar to that of the momenta. The correlation coefficients between the positions and
momenta present an oscillatory behaviour with similar ranges, from 0 to 0.18. Forq1, p1,
q2, p2 andq2, p1, the correlation coefficients found have the same order of magnitude, while
for q1, p2, the coefficient has approximately one third of the magnitude of the others.

In summary, figures 1–5 show the difference in the behaviour of the even and oddGSCS.
They are squeezed and correlated states which can be considered as an alternative in the
development and research on gravitational waves or in the study of electromagnetic fields
inside cavities with moving walls.

4. Husimi and Wigner functions

There are different ways to generate a probability density for a physical system. In this
paper, we will study the Husimi and Wigner functions for the Schrödinger cat states of the
generalized oscillator.

The Husimi function is the matrix element of the density operatorρ± = |α±〉〈α±| in
the coherent state basis|z 〉, with z = (q+ ip )/

√
2. For the generalized harmonic oscillator,

the Husimi function is

Qα(q, p, t) = 〈z |ρ̂|z 〉 = 〈z |α, t〉〈α, t |z 〉 = ∣∣G(z ∗, α, t)
∣∣2

(4.1)

where G(z ∗, α, t) ≡ 〈z |U(t)|α〉 is the corresponding Green function. For any
homogeneous quadratic Hamiltonian, the propagator in the coherent state representation
takes the form [29]

G(z ∗, γ, t) = exp(−|z|2/2 − |γ|2/2)√
det M1

exp
(− 1

2z ∗M−1
1 M2z

∗ + z ∗M−1
1 γ + 1

2γM3M
−1
1 γ

)
(4.2)

where the matricesMk are determined by expression (2.6).
The GSCSyield a Husimi function defined by the expression

Qα ±(q, p, t) = 〈z |ρ̂±|z〉
= |N±|2 { ∣∣G(z ∗, α, t)

∣∣2 ± 2 Re
{
G(z ∗, −α, t)G∗(z ∗, α, t)

}
+ ∣∣G(z ∗, −α, t)

∣∣2 }
. (4.3)

In the generalized harmonic oscillator case, theMk ’s matrices take the form [29]√
detM1 ≡ g1(µk) = 1

2 (µ1 + µ4 − iµ3 + iµ2) (4.4a)

M−1
1 M2 ≡ g2(µk)I2 = {(µ4 + iµ3)

2 + (iµ1 + µ2)
2}

g(µk)
I2 (4.4b)

M−1
1 ≡ g3(µk)R̃ = 2

(µ1 + µ4 + iµ3 − iµ2)

g(µk)
R̃ (4.4c)

M3M
−1
1 ≡ g4(µk)I2 = {(µ4 − iµ2)

2 + (−iµ1 + µ3)
2}

g(µk)
I2 (4.4d)
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with

g(µk) = (µ1 + µ4)
2 + (µ3 − µ2)

2 . (4.4e)

Substituting these relations into (4.2), we obtain the propagator for the generalized harmonic
oscillator:

G(z ∗, γ, t) = exp(−|z|2/2 − |γ|2/2)

g1
exp

(− 1
2g2z

∗ · z ∗ + g3z
∗R̃γ + 1

2g4γ · γ
)
. (4.5)

Introducing (4.5) into (4.3), we get the Husimi function for the even and oddGSCS:

Qα ±(q, p, t) = |N±|2 2

|g1|2
exp

{− |z|2 − |α|2 + Re
(
g4α · α − g∗

2z · z
)}

× {cosh[2 Re(g3z
∗R̃α)] ± cos[2 Im

(
g3z

∗R̃α
)
]} . (4.6)

The Wigner function is obtained through the evaluation of the matrix element of the
density operator associated with theGSCSin the coordinate representation, i.e.

〈q|ρ̂±|q ′〉 = 〈q|α±, t〉 〈α±, t |q ′〉 (4.7)

where the right-hand side is given by the generalized correlated states in the coordinate
representation, equation (3.3). Then from (4.7) we get the Wigner function by making the
integrals

Wα±(q, p, t) =
∫ +∞

−∞
du exp(−ip · u) 8α±(q + u/2, t) 8∗

α±(q − u/2, t) . (4.8)

Substituting (3.3) into the last expression, we get a Gaussian integral in the variableu,
which can be calculated. Instead of this, we use the following procedure. We introduce the
function

Wαβ(q, p, t) =
∫ +∞

−∞

∫ +∞

−∞
du exp(−ip · u) 8α (q + u/2, t) 8∗

β (q − u/2, t) (4.9)

in terms of the Weyl–Wigner transform of the density matrix associated with the
wavefunction of the generalized harmonic oscillator (3.1). The action of the integrals of
motion A(t) andA†(t), given in (2.4b), on the density matrix operator of the generalized
oscillator,ρ̂αβ = |α, t〉 〈β, t |, is

A(t) ρ̂αβ = α ρ̂αβ (4.10a)

ρ̂αβ A†(t) = β ∗ ρ̂αβ . (4.10b)

These expressions are written in the Weyl–Wigner representation as{
z0(t) + 1

2

∂

∂z ∗
0 (t)

}
Wαβ = α Wαβ (4.11a){

z ∗
0 (t) + 1

2

∂

∂z0(t)

}
Wαβ = β ∗ Wαβ (4.11b)
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where we have defined the 4-vector

Zt
0(t) = (z t

0(t), z ∗ t
0 (t)) (4.12)

through the relation

Z0(t) = g4Λ
(

p
q

)
. (4.13)

The solution of the set of coupled partial differential equations (4.11), together with the
normalization condition

1

(2π)2

∫ +∞

−∞

∫ +∞

−∞
dq dp Wαβ(q, p, t) = 〈β, t |α, t〉

gives the result for the function (4.9):

Wαβ(q, p, t) = 22 exp
(−2z0(t) · z ∗

0 (t) + 2α · z ∗
0 (t) + 2β ∗ · z0(t)

)
× exp

(−α · β ∗ − |α|2/2 − |β|2/2
)
. (4.14)

Then the Wigner function for the Schrödinger cat states for any homogeneous quadratic
Hamiltonian system is a linear combination of expressions (4.14):

W±(q, p, t) = |N±|2 {
Wα,α(q, p, t) ± Wα,−α(q, p, t)

± W−α,α(q, p, t) + W−α,−α(q, p, t)
}
. (4.15)

For the generalized harmonic oscillator the expression (4.14) is given by

Wαβ(q, p, t) = 4 exp

{
−|α|2/2 − |β|2/2 − α · β ∗ − (p t , q t )

{
µtgtσx gµ ⊗ I 2

} (
p
q

)
+2

(
α t , β ∗ t

) {σxgµ ⊗ R}
(

p
q

)}
(4.16)

where σx is the first component of the standard Pauli matrices. The amplitudeα is
determined by the initial values of the quadrature components through the relation

〈Ât
0(t)〉 = (

α t , α ∗ t
)
.

5. Collapses and revivals in Schr̈odinger cat states

In this section we obtain the photon distribution for the generalized Schrödinger cat states.
This is done by calculating the transition amplitudes fromGSCSto number states

〈n1, n2|γ1 , γ2, t〉± = N±
(〈n1, n2|γ1, γ2, t〉 ± 〈n1, n2| − γ1, −γ2, t〉) . (5.1)

To calculate the right-hand side of the last equation, it is convenient to expand the
propagator given in the coherent state representation,G(z ∗, γ, t) ≡ 〈z |U(t)|γ〉, in terms
of generalized correlated states in the Fock space,

〈z |U(t)|γ〉 =
∑

m1, m2

〈z1, z2|m1, m2〉 〈m1, m2|U(t)|γ1, γ2〉 . (5.2)
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We compare the power-series expansion of the propagator with the last expression to get the
probability amplitude forn1 andn2 photons in the generalized correlated state|γ, t〉 [29].
For the generalized harmonic oscillator, we get

〈n1, n2|γ, t〉 = 1

g1
√

n1!n2!
exp

(− 1
2|γ|2 + 1

2g4γ · γ
)(

1
2g2

)(n1+n2)/2

× Hn1

(
g3√
2g2

(
γ1 cosθ − γ2 sinθ

))
Hn2

(
g3√
2g2

(
γ1 sinθ + γ2 cosθ

))
.

(5.3)

The photon-number distributionP ±
n1, n2

(γ, t) = |〈n1, n2|γ, t〉±|2 is

P ±
n1, n2

(γ1, γ2, t) = |N±|2 2
{
1 ± (−1)n1+n2

} |〈n1, n2|γ1, γ2, t〉|2 . (5.4)

According to this expression, the photon-number distribution function preserves evenness
of the number of photons for the even state, and oddness, for the odd state.

The photon distribution functions were calculated for even and oddGSCSwith amplitudes
α1 = 0.2 + 0.1i andα2 = 0.3 + 0.1i. Figures 6(a) and (b) show how many photons in the
first mode are contained in the mentioned even and odd cat states as a function of time,
respectively. These distributions have an oscillatory motion, in which the phenomenon of
collapses and revivals are present. The behaviour of the photon distribution function with
respect to the number of photons in the second mode for the even and oddGSCS is very
similar to those illustrated in figure 6. To have a different result, it is necessary to select
very different amplitudesα1 andα2 for the generalized Schrödinger cat states.

For any homogeneous quadratic Hamiltonian, the expectation values of the number
of photons in the first and second modes,〈N1〉± and 〈N2〉±, respectively, together with
their mean squared fluctuations, can be evaluated using the expression of the creation and
annihilation photon operators in terms of the integrals of motion, and their commutation
properties. However, it is simpler to use the characteristic function method (cf the appendix).
The mean values of the number of photons are

〈Nj 〉± = 1
2

((
σ±

pp(t)
)
jj

+ (
σ±

qq(t)
)
jj

− 1
)
. (5.5)

The mean-squared fluctuations can be expressed in terms of the dispersion matrices and
expected values of position and momentum generalized correlated eigenstates of the system,
the normalization factors defined in (3.3), the exponential

C0(0) = exp
(−2|α1|2 − 2|α2|2

)
and a 4-vectorSα(0):(
1Nj

)2
± = 1

2

(((
σpp(t)

)
jj

+ (
σqq(t)

)
jj

)2 − 1
) + |N±|2 {

2
(
σpp(t)

)
jj

〈pj 〉2

+ 2
(
σqq(t)

)
jj

〈qj 〉2 + 4
(
σqp(t)

)
jj

〈qj 〉〈pj 〉 + 1
2

(〈pj 〉2 + 〈qj 〉2
)2}

± |N±|2 C0(0)
{
2

(
σpp(t)

)
jj

S2
j (0) + 2

(
σqq(t)

)
jj

S2
2+j (0)

+ 4
(
σqp(t)

)
jj

S2+j (0)Sj (0) + 1
2

(
S2

2+j (0) + S2
j (0)

)2}
− |N±|4 {〈pj 〉2 + 〈qj 〉2 ± C0(0)

(
S2

2+j (0) + S2
j (0)

)}2
. (5.6)
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For the generalized harmonic oscillator, the dispersion matrices are given by [29](
σpp(t)

)
ij

= 1
2

(
µ2

2 + µ2
4

)
δij (5.7a)(

σqp(t)
)
ij

= − 1
2

(
µ1µ2 + µ3µ4

)
δij (5.7b)(

σqq(t)
)
ij

= 1
2

(
µ2

1 + µ2
3

)
δij . (5.7c)

The mean values of the positions and momenta take the values [29]

〈p1〉 = −i
1√
2

(µ3 − iµ1) (α1 cosθ − α2 sinθ) + CC

〈p2〉 = −i
1√
2

(µ3 − iµ1) (α1 sinθ + α2 cosθ) + CC

〈q1〉 = i
1√
2

(µ4 − iµ2) (α1 cosθ − α2 sinθ) + CC

〈q2〉 = i
1√
2

(µ4 − iµ2) (α1 sinθ + α2 cosθ) + CC

(5.8)

with CC denoting the complex conjugate expression. The vectorSα(0), with 1 6 α 6 4, is
defined through

iS1(0) = 1√
2

(µ3 − iµ1) (α1 cosθ − α2 sinθ) + CC

iS2(0) = 1√
2

(µ3 − iµ1) (α1 sinθ + α2 cosθ) + CC

−iS3(0) = 1√
2

(µ4 − iµ2) (α1 cosθ − α2 sinθ) + CC

−iS4(0) = 1√
2

(µ4 − iµ2) (α1 sinθ + α2 cosθ) + CC.

(5.9)

For the case considered in equation (2.9), throughout equations (5.5)–(5.9), we calculate
the mean number of photons and the mean square fluctuations. We used the parameters
λ = 1 andγ = 0.1 of the model, and generalized Schrödinger even and odd cat states with
amplitudesα1 = 0.3 + 0.1i andα2 = 0.2 + 0.1i. The results are displayed in figures 7–9.

Specifically, for the Schrödinger even cat state, in figure 7, the expected values of the
number of photons are shown, together with the behaviour of the vacuum-like state of the
system. These mean values are oscillatory functions of time, with the worthwhile result
that the average value in the number of photons can be smaller, for the selected amplitudes,
than those of the vacuum-like state.

For the Schr̈odinger odd cat state, in figure 8, the mean values of the number of photons
are shown, together with the behaviour of the vacuum-like state of the system. These mean
values are also oscillatory functions of time, but in these cases the average values in the
number of photons for the selected amplitudes are always greater than those of the vacuum-
like state.

To determine the type of statistics of the photon distribution function, it is necessary
to calculate the ratio

(
1Nj

)2
± /〈Nj 〉±; this can be done through equations (5.5)–(5.9). The
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Figure 7. The mean values of the number of photons for the even state, as a function of
time. The first mode is plotted in (a), and the second in (b). The behaviour for the generalized
vacuum state is shown with a broken curve. The amplitudes of the state areα1 = 0.3 + i0.1
andα2 = 0.2 + i0.1, and the parameters of the model areλ = 1 andγ = 0.1.

Figure 8. The mean values of the number of photons for the odd state, as a function of time.
The first mode is indicated by a full curve and the second mode by a full gray curve. The
corresponding plot for the generalized vacuum-like state is shown with a broken curve. The
amplitudes and parameters are the same as in figure 7.

results are displayed for the even case in figure 9, and for the odd in figure 10. It is found
that the photon distribution function is super-Poissonian for the even case in both modes,
while for the odd case there are some intervals of time in which the distribution function
oscillates between super-Poissonian and sub-Poissonian statistics.
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Figure 9. Evolution of the ratio of the mean-squared fluctuation of the number of photons to its
mean value for the even state, with the same amplitudes and parameters given in figure 7. The
first and second modes are displayed, with full and full grey curves, respectively. The value 1
is indicated with a broken line as a reference.

Figure 10. Evolution of the ratio of the mean-squared fluctuation of the number of photons to
its mean value for the odd state. Again the first mode is displayed with a full curve, and the
second with a full grey curve. The value 1 is shown with a broken line. The amplitudes and
parameters are the same as in figure 7.

6. Conclusions

In this paper, for the generalized Schrödinger cat states, we have found analytical results
for the quadrature components, equations (3.5) and (3.6), the Husimi (equation (4.6)) and
Wigner (eqautions (4.15) and (4.16)), quasidistribution functions and the photon distribution
function, (5.3) and (5.4). It is important to emphasize that for the generalized Schrödinger
cat states the quadrature dispersions depend on the time-dependent parameterλ0(t), which
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was not the case for squeezed states of the generalized oscillator [29]. All the analytical
results are functions of the symmetry group parametersµk andθ . The photon distribution
function preserves the behaviour of standard Schrödinger cat states.

The model discussed in this paper demonstrates that two-mode Schrödinger cat states can
have squeezed coherent components. Specific time dependence of the oscillator parameters
yields squeezing and correlation phenomena for one of the quadrature components of each
mode. The collapses and revivals of the mean photon numbers are shown. Statistics of
the photon distribution function are found by means of the generating function techniques
as explained in the appendix. A sub-Poissonian or super-Poissonian behaviour is found
depending on the range of the parameters of the generalized oscillator. A wavy character
is exhibited for the distribution functions of the Schrödinger even and odd cat states. For
the odd case, these oscillations are enhanced. The model may represent the non-stationary
Casimir effect which influences the initial field taken not in the form of coherent or squeezed
states, but in the form of even or odd coherent states. The creation of photon and quadrature
squeezing in a resonator with moving boundaries at constant velocity [24] is different
quantitatively in our model, though qualitatively the results are similar. It is interesting
to consider evolution of other non-classical states under the influence of the non-stationary
Casimir effect in the context of an exactly solvable model of the generalized oscillator.
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Appendix

The characteristic function for arbitrary 2N -dimensional Schr̈odinger cat states is defined by
the Fourier transform of the Wigner distribution function of the physical system in question

C±(w, t) =
(

1

2π

)N ∫
d2NQ exp(iw̃Q) W±(Q, t) (A.1)

where in the previous expression we define the 2N -vectors

Q =
(

p
q

)
(A.2a)

w =
(

τ
σ

)
. (A.2b)

The corresponding Weyl–Wigner distribution function is given in (4.16) and it was rewritten
in terms ofQ.

To calculate expression (A1), it is convenient to introduce the function

C0(w, t) =
(

1

2π

)N ∫
d2NQ exp(iw̃Q) W0(Q, t) (A.3)

where we have defined

0 =
(

α
β∗

)
. (A.4)
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W0(Q, t) is the function defined by (4.9) and in the notation of this appendix can be written
as

W0(Q, t) = 2N exp

(
0̃6x0 − 0̃∗0

2

)
exp

(
−Q̃3̃∗

pq3pqQ + 2̃03∗
pqQ

)
(A.5)

with

6x ≡
(

0 IN

IN 0

)
.

Substituting (A.5) into (A.3), we arrive at an integral of a generalized Gaussian function,
which can be calculated through the well known result∫

d2NX exp(−X̃AX + B̃X) = πN

√
detA

exp
(

1
4B̃A−1B

)
.

After some straightforward algebraic manipulations we get

C0(w, t) = C0(0) exp
(− 1

4 w̃ R(t) w + i S̃(0, t) w
)
, (A.6)

where we have defined

C0(0) = exp

(
0̃6x0 − 0̃∗0

2

)
(A.7a)

R(t) = {Λ̃∗
pq(t)Λpq(t)}−1 (A.7b)

S̃(0, t) = 0̃Λ̃−1
pq (t) . (A.7c)

It is important to emphasize that all the physical information of the quantum system is
determined by the 2N × 2N matrix Λpq(t) = g4Λ. If one considers the parameter
0 = (α, α∗), equation (A.5) corresponds to the characteristic function of the generalized
correlated states and it can be used to evaluate the expectation values of products of powers
of positions and momenta.

Making the substitution of (4.16) into (A.1), and through (A.3), we get the characteristic
function of the Schr̈odinger cat states, i.e.

C±(w, t) = |N±|{C01(w, t) + C−01(w, t) ± (C02(w, t) + C02(w, t))} (A.8)

with

01 =
(

α
α∗

)
and 02 =

(
α

−α∗

)
.

For example, the expectation value of the productQn
kQ

m
l can be evaluated through the

relation

〈
Qn

kQ
m
l

〉
± = (−i)n+m ∂n+m

∂wm
l ∂wn

k

{C±(w, t)}|w=0 . (A.9)
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To calculate the mean values of the number of photons,〈Nk〉 and its mean square fluctuation
(1Nk)

2, we express the corresponding operators in terms of the positions and momenta:

Nk = 1
2

{
p2

k + q2
k − 1

}
(A10a)

N2
k = 1

4

{
p4

k + q4
k + 1 + p2

kq
2
k + q2

k p
2
k − 2

(
p2

k + q2
k

)}
. (A.10b)

Next we find their Weyl–Wigner representation, and afterwards it is necessary to evaluate
similar expressions to (A9). We give the results:

〈Q2
l 〉± = 1

2Rll + 2 |N±|2 {
S2

l (01) ± C02(0)S2
l (02)

}
(A.11)

〈Q4
l 〉± = 3

4R2
ll + 2 |N±|2 {

3S2
l (01)Rll + S4

l (01) ± C02(0)
[
3S2

l (02)Rll + S4
l (02)

]}
(A.12)

〈Q2
l Q

2
m〉± = 1

2R2
lm + 1

4RllRmm + |N±|2 {
4RlmSl(01)Sm(01) + RmmS2

l (01)

+ RllS
2
m(01) + 2S2

l (01)S
2
m(01)

} ± |N±|2 C02(0)
{
4RlmSl(02)Sm(02)

+ RmmS2
l (02) + RllS

2
m(02) + 2S2

l (02)S
2
m(02)

}
(A.13)

where for simplicity we have not written the time dependence forR andS. It is important
to emphasize that these expressions are very useful. For example, the dispersion matrices
are given by

σ±
ll = 〈

Q2
l

〉
± (A.14)

because〈Ql〉± = 0. Therefore through (A.10a), we can immediately conclude that the mean
value ofNk is given by the relation (5.5). Next we write the result that we get for the mean
squared fluctuation:

(1Nj)
2 = 〈N2

j 〉 − 〈Nj 〉2 = 1
8(Rj, j + RN+j, N+j )

2 + 1
4(R2

N+j, j − RN+j, N+jRj, j − 1)

+ |N±|2 {RN+j, N+j S
2
N+j (01) + Rj, jS

2
j (01) + 2RN+j, j SN+j (01)Sj (01)

+ 1
2(S2

N+j (01) + S2
j (01))

2} ± |N±|2 C02(0){RN+j, N+j S
2
N+j (01)

+ Rj, jS
2
j (01) + 2RN+j, j SN+j (02)Sj (02) + 1

2(S2
N+j (02) + S2

j (02))
2}

− |N±|4 {S2
N+j (01) + S2

j (01) ± C02(0)(S2
N+j (02) + S2

j (01))}2 . (A.15)

Finally, by recalling

σjj = 1
2Rjj (A.16a)

〈qj 〉 = SN+j (01) (A.16b)

〈pj 〉 = Sj (01) (A.16c)

we arrive at expression (5.6) for the mean-squared fluctuations.
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